We study the masses and wave functions of heavy-light quark-antiquark system in the relativistic potential model, where we focus on the higher excited states of B and D mesons. The resonances of DJ (2740), D * J (2760), D * J (3000) and D * sJ (2860) recently observed in experiments are considered. We find that the four resonances can be identified as the |1 1,3 D2 , |1 3 D3 , |1 1,3 F3 and |1 3 D3 states due to the prediction to the states with l = 2 and l = 3 in the potential-model calculation. The masses of n = 2 excited states are also calculated. All the observed mesons can be accommodated successfully in the potential model. PACS numbers: 12.39.Pn, 14.40.Lb, 14.40.Nd
I Introduction
Heavy-light quark-antiquark system Qq plays an important role in studying the strong interactions between quark and antiquarks. Great progress was made in the measurement of the spectrum of heavy-light quarkantiquark system in the last decade. In the charm sector, several new excited meson states were discovered in the previous several years [1] [2] [3] [4] [5] [6] . For D J mesons, the resonances of D (2740) 0 , D * (2760) 0,+ [5] , D * (2650) and D * (3000) [6] were observed, while for D sJ mesons, the resonances D + sJ (2632) [1] , X(2690), D + sJ (2860) [2] , D + sJ (2700) [3] and D + sJ (3040) [4] were established. The spectroscopy provides a powerful test of the theoretical predictions based on the quark model in the standard model.
The bound state of the heavy-light quark-antiquark system can be studied with the relativistic wave equation, where an effective potential compatible with QCD is taken [7, 8] . The potential shows a linear confining behavior at long distance and a Coulombic behavior at short distance. The properties of B and D mesons have been investigated in the relativistic potential model in Refs. [8] [9] [10] [11] [12] [13] [14] . In our recent work [15] , the spectra for lower orbital and radial excitations of B and D mesons were calculated, a good agreement with experiment [16] was obtained. Here we extend our previous work to include the higher excited states and compare the prediction with the spectrum measured in experiment in recent years. The excited states of the heavy-light system have also been studied in Ref. [17] in the relativistic quark model, which includes the leading order corrections in 1/m c,b expansion. The Hamiltonian used in Ref. [17] is a kind of relativistic Dirac Hamiltonian. Compared with Ref. [17] , the method used in this work is different and the recently observed states are also carefully studied in this work.
The organization of this paper is as follows. In section II, we give the effective Hamiltonian for the heavy-light quark-antiquark system and solve the relativistic wave equation theoretically. Section III is for the numerical result and discussion. In section IV we have a brief summary.
II The effective Hamiltonian and the solution of the wave equation
In the potential model one assumes that hadrons can be treated in terms of valence-quark configurations. Here we employ the relativistic potential model to describe the heavy-light B and D mesons. The effective potential between the quark and antiquark in the meson is onegluon-exchange (OGE) dominant at short distances and with a linear confinement at long distances. Since there is a light quark in the heavy-light system, it requires to include relativistic dynamics in the Hamiltonian. The relativistic version of Schrödinger wave equation describing the heavy-light system is written as Hψ( r) = Eψ( r).
(1)
In the rest frame of the bound state system, the eigenvalues of the Schrödinger equation will be the masses of mesons. The effective Hamiltonian can be written as
with
where m 1 , p 1 are the mass and momentum of the heavy quark, respectively, and m 2 , p 2 the mass and momentum of the light antiquark. V (r) is the funnel potential, which includes only the spin-independent part of the strong interaction between the heavy and light quarks
The potential is taken as a combination of a Coulomb term and a linear confining term, whose behavior is compatible with QCD at both short-and long-distance [8, 18, 19] . The first term is obtained from the calculation of one-gluon-exchange diagram in perturbative QCD. It dominates at short-distance. The second term is the linear confining term. The third term is a phenomenological constant, which can be adjusted to give the correct ground state energy-level of the quark-antiquark system. The running coupling constant α s (r) in eq. (4) is obtained from the coupling constant in momentum space α s (Q 2 ) after the Fourier transformation. It can be written in a more convenient form [8] 
where α i and γ i are free parameters which can be fitted to make the behavior of the running coupling constant at short distance be consistent with the coupling constant in momentum space predicted by QCD. In this work, we take α 1 = 0.15, α 2 = 0.15, α 3 = 0.20, and γ 1 = 1/2, (2) is the spin-dependent part of the Hamiltonian
where H hyp is the spin-spin hyperfine-interaction term, which is
where the parameter σ is taken as quark mass-dependent [8] 
here σ 0 and s 0 are phenomenological parameters.
The spin-orbit interaction term H so consists of the color-magnetic term and the Thomas-precession term
where L = r× P is the relative orbital angular momentum between the quark and antiquark.
The spin-dependent Hamiltonian H ′ is the result of OGE diagram in the non-relativistic approximation [7, 8] . It is reasonable that there might be contributions of nonperturbative dynamics in the bound state system and relativistic corrections for the light quark. In this work, the δ(r) in the spin-spin contact hyperfine interaction term is replaced by (
2 as in Ref. [20] . The mass of the light quark m 2 's in the denominators of eqs. (7) and (10) are replaced by a set of new parameters m 2i , i = a, b, c, d, which is assumned to include the relativistic corrections and the bound-state effect in the heavy meson [15] . In the original expression of the spindependent interaction, the momenta of the quarks are dropped. However, it is not reasonable to drop them completely for the heavy-light system as the light quark should be highly relativistic. There may also be boundstate effect in the spin-dependent interaction terms which can not be described by the OGE potential. We assume that these effects can be included by replacing the light quark masses with a set of new parameters, which can be determined by fitting the spectra of heavy mesons. One can find in the next section that this assumption does work, all the masses measured in experiment can be accommodated well. In our previous work [15] , only the states of B, D, B s , D s mesons with lower orbital quantum numbers l = 0, 1 are considered, the masses and wave functions of the corresponding states with
In this work we extend our previous work by studying more excited states with higher orbital quantum numbers. In the heavy quark limit the spin of the heavy quark decouples from the interaction [21] [22] [23] [24] [25] [26] [27] [28] [29] , therefore the spin-dependent interaction can be treated perturbatively. We choose the eigenstates of spin-independent Hamiltonian H 0 as the basis of perturbative expansion. The eigenstates of H 0 is denoted as |JM, sl , where J is the quantum number of the total angular momentum, M the magnetic quantum number, s the total spin, l the relevant orbital angular momentum. The δ σ (r) term of the hyperfine interaction H hyp conserves all the four quantum numbers, it gives the splitting of states with different total spin. The tensor part of H hyp does not conserve the orbital angular momentum, it causes mixing between the states with different orbital angular mo-
, while the spin-orbit interaction H so does not conserve the total spin, it causes mixing between the states with different total spin quantum num-
The details of solving the wave equation have been given in [14, 15] , which is omitted in the present paper for brevity. The readers can refer to these references.
The mass matrix is calculated perturbatively in the basis of |JM, sl , which can be written as
where H ij = ψ i |H|ψ j , with i, j = 1, 2, ψ i,j 's denote the eigenstates of the Hamiltonian H 0 . By diagonalizing the mass matrix, we can get the masses and wave functions of the mixing eigenstates. The perturbative contribution of the spin-dependent Hamiltonian H ′ to the eigenvalues of states with high orbital quantum numbers are given below (Contributions to states with lower orbital momentum have been given in our earlier work, Ref. [15] ).
(1) The mass matrix of state J P = 2 − Both states with s = 0, l = 2 and s = 1, l = 2 can construct the J P = 2 − state. The basis for the mixing is
The matrix elements of the mass matrix are
With eqs. (12) ∼ (15), the cases with more | 1 D 2 and | 3 D 2 mixing states can be obtained.
(2) The mass matrix of state J P = 3
−
The J P = 3 − state is mixture of 3 D 3 and 3 G 3 states, both states with s = 1, l = 2 and s = 1, l = 4 can construct the J P = 3 − state. The basis for the mixing is
With eqs.(16) ∼ (19), the cases with more | 3 D 3 and | 3 G 3 mixing states can be obtained. 
With eqs. (20) 
With eqs. 
With eqs. (32) 
With eqs.(36) ∼ (39), the cases with more | 3 G 5 and | 3 I 5 mixing states can be obtained.
In the above equations, the functions f (r), g(r), h 1 (r) and h 2 (r) are defined as
III Numerical result and discussion
The parameters used in this work are the quark masses, the potential parameters b, c,m 2i , σ 0 and s 0 . Comparing with our previous work [15] , we have slightly adjusted some of the parameters. The ground states are not sensitive to the value of the parameter b, which is slightly increased to give the correct predictions of excited states. 
The values ofm 2a ,m 2b ,m 2c andm 2d depend on the quark-antiquark system, they can be written as
We find the values of ǫ i 's andm 2 are
for (bq) and (cq) systems, and
for (bs) and (cs) systems, and
0.562 GeV for (bq) system, 0.679 GeV for (bs) system, 0.412 GeV for (cq) system, 0.488 GeV for (cs) system,
here q is the light quark u or d. Numerical calculation shows that the solution is stable when L > 5 fm, N > 50. Here we take L = 10 fm, N = 100. The definition of L and N can be found in Refs. [14, 15] .
The radial wave functions ψ nl (r) for D meson in coordinate space are depicted in Fig.1 as an example. |ψ nl (r)| 2 r 2 is the possibility density distributed along the quark-antiquark distance r. We can use the Fourier transformation of the wave function in the coordinate space to get the momentum distribution, which is useful for studying B and D decays.
In Table  I and II, the numerical results for B, B s bound states are given in Table III and IV. For completeness, results for ground-states and lower orbital excitations are also given. The mass predictions for lower orbital excitations have been calculated in Ref. [8] several decades before, which are also presented in Tables I to IV for as D 1 (2420), D * s0(2317), D * s1(2460) etc., the mass predictions are improved, the results in this work are more consistent with experiment. Mixings between states with appropriate quantum numbers are considered in our calculation. For doublets with J P = 1
− , mixing occurs more strongly. The mixing from state of higher radial quantum number with n = 2 can not be neglected, it can be as large as 10%. The masses measured in experiments are given in the last column in Tables I and III , from which we can see that the theoretical calculation in this work can accommodate the experimental data well.
Many new resonances with open charm flavor were observed in experiments recently [5, 6] . Our mass predictions for these resonances are consistent with the experimental data. The masses measured by the LHCb collaboration are listed in the following [6] :
The assignments of the above observed states are listed in Table I [3] , D sJ (3040) [4] . One can see that our predicted mass spectrum for D s mesons below 2600 MeV accommodates the experimental data successfully [16] , here we discuss the assignment of the recently observed D s meson resonances. The D * sJ (2860) resonance parameters measured in Ref. [4] are
The J P = 0 + assignment is proposed in Ref. [31] , but the observation of D * sJ (2860) + → D * K decay rules out the J P = 0 + assignment [4] . Our mass prediction for |1 3 D 3 state is 2853 MeV, very close to the mass of D * sJ (2860), thus we suggest that D * sJ (2860) is J P = 3 − state, which is also proposed in Ref. [32] . For the D * s1 (2710) state, it is measured to be 2710 ± 2 +12 −7 MeV in Ref. [6] , the J P = 1 − assignment is proposed in Refs. [33, 34] [4] . The assignment of this resonance is discussed in detail in Ref. [35] . We identify it as |2 1 P 1 with J P = 1 + , since its predicted mass 3012 MeV is the closest to the mass of the D sJ (3040) resonance.
For b-flavored meson sector, one can see the predicted mass spectra in Table III and IV are in good agreement with experimental results. Although experimental information for b-flavored meson spectrum is limited, the measured J P = 0 − , 1 − , 1 + and 2 + states can be an extra test to our model besides the charmed meson sector.
Next we would like to discuss the properties of the heavy-light quark-antiquark bound states from the point view of heavy quark symmetry. As discussed in Refs. [15, 30] , the spin of the heavy qurk decouples from the light degrees of freedom in the heavy quark limit. The total angular momentum of the light quark is s l = s q + l, where s q is the spin of the light quark, l the orbital angular momentum of the light quark. The total angular momentum of the heavy light meson is J = s l + s Q , where s Q is the spin of the heavy quark. Since the properties of the hadronic states do not depend on the spin s Q and the flavor of the heavy quark due to the heavy quark symmetry, the heavy-light meson states only depend on the quantum numbers s l and l, thus we can classify the heavy-light mesons by these two quantum numbers. Heavy-light meson states can be divided into different doublets according to this classification. A doublet with J P s l = (0 − , 1 − ) 1/2 exists for the case l = 0, for example. Mesons within the same doublet degenerate in the heavy quark limit. Since the parity of the meson is P = (−1) l+1 , the parity P can denote the orbital angular momentum l of the meson in a doublet. For each meson state with specific quantum numbers classified in the heavy quark limit, we can denote them by |J P s l . By analyzing angular momentum addition with the help of Clebsch-Gordan coefficients, we can decompose the basis states |J P s l in the heavy quark symmetry into combination of states with definite quantum numbers l, S and J, i.e. the state | 2S+1 L J . The decompositions of all the doublets involved in this work are as follows:
(1) For l = 0 states in the doublet J P s l
(2) For l = 1 states in the doublets J
(3) For l = 2 states in the doublets J
(4) For l = 3 states in the doublets J
(5) For l = 4 states in the doublets J
Particularly, for P = (−1) J+1 unnatural parity states , they satisfy the relations
Consequently, the physical states with unnatural parity are linear combinations of | 1 l l and | 3 l l , the mixing can be described by a mixing angle. We must note here that the sign of the mixing angle is fraught with ambiguities [36, 37] . It depends on the coupling order of the angular momentum and spins, l, s 1 and s 2 . The sign of the mixing angle will flip if the coupling order of the quark spins changes, for example.
In this work, the properties of the heavy flavored mesons implied by the heavy quark limit are approximately maintained in the calculation in the relativistic potential model. The mixing angle in the heavy quark limit should be −ArcSin l/2l + 1. For l = 1, we get −ArcSin 1/3 = −0.615 rad, for l = 2 we have −ArcSin 2/5 = −0.685 rad, etc. The mixing angle increases as l increases. Comparing with the column "Multiplet" in the Table I∼IV for each meson, one can find that this property is maintained in the numerical results. As discussed in our previous work [15] , only the mixing between |1
1 P 1 and |1 3 P 1 in 1 + state of cq is very small, which seriously deviates from the result in the heavy quark limit −0.615 rad, the reason has been explained in our previous work [15] . The Belle collaboration determined this mixing angle,which is θ = −0.10 ± 0.03 ± 0.02 ± 0.02 rad [38] . Our prediction with small mixing angle for 1 + state of cq is well consistent with Belle's measurement. Finally the wave function of each bound state can be obtained simultaneously when solving the wave equation. Figure 1 is the radial wave functions for D meson as an example. It is easy to get all the wave functions when they are needed.
IV Summary
The bound states of heavy-light quark and antiquark system are studied in the relativistic potential model. The predictions of heavy-light charmed and b-flavored meson states are presented. The low-lying meson states are in good agreement with experiments. The higher excitation states are particularly focused on. All the observed mesons can be successfully accommodated in our calculation. The wave functions of each bound state can be obtained by solving the wave equation and be used in the study of B and D decays. I: Theoretical spectrum of (cq) and (cs) bound states mainly with the radial quantum number n = 1. The results in the column labeled "GI" are theoretical masses from Ref. [8] . 
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